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Abstract 
By means of randomization, the concept of randomized truth degree and randomized logic pseudo-metric of formulas 
in R0-logic with six-valued nonlinear valuation set are introduced. The concept of randomized logic metric space 
based on R0-logic with six-valued nonlinear valuation set is also introduced and it is proved that the new built 
randomized concepts are extensions of the corresponding concepts of quantitative logic and randomized truth degree 
in R0-logic with six-valued nonlinear valuation set. 
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1. Introduction 
As is well known, human reasoning is approximate rather than precise in nature. The logical treatment 
of the concepts of vagueness and approximation is of increasing importance in artificial intelligence and 
related research. Many logicians have proposed different systems of many valued logic as a formalization 
of approximate reasoning (see, for example, [1,2],etc). An approximate reasoning in two-valued classical 
logic has also been proposed [3]. Recently G.J.Wang developed a new theory of quantitative logic which 
takes the theory of truth degrees of formulas as its foundation [4], and some interesting results about 
divergency, consistency, etc. of theory have been acquired in the n-valued NM-logic system, the 
Lukasiewicz logic system, etc. [5-7]. At the same time, X.J.Hui introduced the randomized truth degree of 
formulas in the R0-type two-valued, 3-valued logic system, established the foundation of randomization 
approximate reasoning [8,9]. But proposition logic is linear structure in [1-9]. 
In the present paper, having combined the theory of randomized truth degree, the theory of randomized 
logic pseudo-metric is introduced in the R0-logic with 6-valued nonlinear valuation set. The work of the 
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present paper has generalized the basic concept of truth degree , logic metric of quantitative logic and 
randomized truth degree in many-valued logic. 
This paper is structured as follows. In section 2 we define randomized truth degree of formula in R0-
logic with 6-valued nonlinear valuation set. In section 3 the randomized space of R0-logic with 6-valued 
nonlinear valuation set are studied. 
2. Randomized Truth Degrees of Formulas 
Let 1 2{ , , }S p p " , F(S) is the ( , , )  l  type free-algebra generated by S , where ,   and l
denote unitary operation , binary operation and binary operation separately. Element of S is called atomic 
proposition or atomic formula. Member in F(S) is called proposition or formula. 
Definition 2.1 Let 0 1 2 3 4 5{ , , , , , }W I I I I I I  be lattice, where 0 0I   and 5 1I   are minimal element 
and maximal element of W respectively, partial order < is defining as fellow: 
0 1 2 4 5I I I I I    , 0 1 3 4 5I I I I I      (1) 
then W is called the R0-type free algrbra such that: 1 0  , 4 1I I  , 3 2I I  , ( )x x   , x W  , and 
,x y W  , max{ , }x y x y  , 0
1,
( , )
,
x y
R x y x y
x y x y
£ b¦¦ l ¤¦  ¦¥
.
Let : ( )F S WV l  be ( , , )  l  type homomor-phism, then V  is called valuation mapping of F(S).
( )A F S  , ( )AV  is called the valuation of A. The set of all valuation mappings of  F(S) is denoted 8 .
Let 1( , , )mA A p p " , :
mA W Wl  which is called truth function induced by A such that: 
1( , , )
m
mx x x W  
G
" , replace kp  in A with kx and logical connectives , ,  lwith operations , ,  l
in W respectively. 
Definition 2.2 Let {1,2, }N  " be set of natural number, 1 2{ , , }R R R " be the infinite-demension 
vector sequence (in short, SPDS) if i N   so that 0 1 2 3 4 5( , , , , , )i i i i i i iR R R R R R R a is six-valued non-
degenerate probability distribution, i.e., 0 1, 0,1, ,5;ijR j   " 1, 2,i "  and 
5
0
1ijj R  .
Note 2.1 The values of 1 2, ,R R " are independent. 
Definition 2.3 Let R be a SPDS, 1( , , )
m
mx x x W  
G
" , let 
1( ) mx Q QK  q q
G
" ,  (2) 
where i ijQ R  if , 0,1, ,5i jx I j  " . Then :
mW WK l  is called the randomized mapping of mW .
Theorem 2.1 m N  , { ( ) : } 1mx x WK4  
G G
.
Proof If m=1 then { ( ) : }mx x WK4  
G G 5
0 ( ) 1i iIK4  . Suppose { ( ) : } 1
mx x WK4  
G G
is established if 
m nb , we now prove { ( ) : } 1mx x WK4  
G G
 if 1m n  .
1{ ( ) : } { ( , ) : , }n nx x W y z y W z WK K    G G G G
                                  { ( ) ( ) : , }ny z y W z WK K q   G G
{ ( ) { ( ) : } : }ny z z W y WK K q   G G
{ ( ) : } 1ny y WK   G G .
Definition 2.4 Let 1( , , ) ( )mA A p p F S " ,
1[ ] ( ), 0,1, ,5,iA A i i
  "
([ ] ) { ( ) : [ ] }i iA x x AN K  G G ,  (3) 
5 4 3 2 1
3 1 1
( ) ([ ] ) ([ ] ) ( ([ ] ) ([ ] )) ([ ] )
4 2 4
A A A A A AU N N N N N     ,  (4) 
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then ( )AU  is called the randomized truth degree of A.
Let : {0,1}f W l  be lattice homomorphism, i.e., , , ( ) ( )x y W f x f x    , ( ) ( ) ( )f x y f x f y   ,
( ) ( ) ( )f x y f x f yl  l . Defining  
( ) ( ),x f f x x W   ,         (5) 
The set of all f  is denote f8 , "  is T algebra on f8 , O  is uniform probability, then ( , , )f O8 "  is a 
probability space. 
Definition 2.5 Let x W , defining 
( ) ( )x x f dG O
8
 ¨ ,         (6) 
which is called the characteristic number of x.
Theorem 2.2 In the six-valued valuation set W, (1) 1G  , 34 4( )IG  ,
1
3 2( )IG  ,
1
2 2( )IG  ,
1
1 4( )IG  ,
(0) 0G  .
Let 31 14 2 4{0, , , ,1}L , , 1x L x x     .
Corollary 2.1 ,x y W  , then 
(1) ( ) 1 ( ) ( )x x xG G G    ,
(2) if x yb  then ( ) ( )x yG Gb ,
(3) ( ) ( ) ( ) ( )x y x y x yG G G G     .
Theorem 2.3 Let ( )A F S , then 
( ) ( ( )) ( )
mx W
A A x xU G K

  G G .         (7) 
Proof From definition 2.4 
5 4 3 2 1
3 1 1
( ) ([ ] ) ([ ] ) ( ([ ] ) ([ ] )) ([ ] )
4 2 4
A A A A A AU N N N N N    
5 4 3 2 1 0
3 1 1
([ ] ) ([ ] ) ( ([ ] ) ([ ] )) ([ ] ) 0 ([ ] )
4 2 4
A A A A A AN N N N N N      ¸
5 4 4 3 3 2 2 1 1 0(1) ([ ] ) ( ) ([ ] ) ( ) ([ ] ) ( ) ([ ] ) ( ) ([ ] ) (0) ([ ] )A I A I A I A I A AG N G N G N G N G N G N     
( ( )) ( )
mx W
A x xG K

  G G .
In the following we study the basic properties of randomized truth degree of formulas. 
Theorem 2.4 Let , ( )A B F S , then 
(1) A is a tautology if and only if ( ) 1AU  , A is a contradiction if and only if ( ) 0AU  ,
(2) if ¢A Bl  then ( ) ( )A BU Ub ,
(3) if A Bx  then ( ) ( )A BU U ,
(4) ( ) ( ) 1 ( )A A AU U U    ,
(5) ( ) ( ) ( ) ( )A B A B A BU U U U     .
Proof To facilitate the discussion, we always suppose that 1 1( , , ), ( , , )m mA A p p B B p p " " .
(1) A is a tautology if and only if , ( ) 1mx W A x  
G G
, i.e., ( ) { ( ) : } 1mA x x WU K4  
G G
. Similarly, A
is a contradiction if and only if , ( ) 0mx W A x  
G G
, i.e., ( ) { ( ) : } 0mA x x WU K4  
G G
.
(2) If ¢A Bl , then , ( ) ( )mx W A x B x  bG G G , from Corollary 2.1(2), we see that ( ( )) ( ( ))A x B xG GbG G ,
then ( ) ( )A BU Ub .
(3) A Bx  if and only if ¢A Bl  and ¢B Al , i.e., ( ) ( )A BU Ub  and ( ) ( )B AU Ub , so ( ) ( )A BU U .
(4) From from Corollary 2.1(1), , ( ( )) 1 ( ( ))mx W A x A xG G    
G G G
, i.e., ( ) ( ) 1 ( )A A AU U U    .
(5) From from Corollary 2.1(1), , ( ( ) ( )) ( ( )) ( ( )) ( ( ) ( ))mx W A x B x A x B x A x B xG G G G      
G G G G G G G
, so  
( ) ( ) ( ) ( )A B A B A BU U U U     .
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Theorem 2.5 Let , , ( ), , [0,1]A B C F S B C  , then 
(1) If ( ) , ( )A A BU B U Cp l p , then ( ) 1BU B Cp   ,
(2) If ( ) , ( )A B B CU B U Cl p l p , then ( ) 1A CU B Cl p   ,
(3) If ( ) , ( )A B A CU B U Cl p l p , then ( ) 1A B CU B Cl  p   .
Proof (1) We only prove ( ) ( ) ( ) 1B A A BU U Up  l  . Because A B A Bl   ,from Theorem 2.4, 
( ) ( ) ( ) ( ) ( )A B A B A B A BU U U U Ul          , so ( ) ( ) 1 ( ) ( ) ( )A A B A A BU U U U U l      
( ) 1 ( ) ( ) ( )A B B A B BU U U U       b .
(2) We only prove ( ) ( ) ( ) 1A B B C A CU U Ul  l b l  . Because 1 (( ) ( ))A B B CU      
( ) ( ) (( ) ( ))A B B C A B B CU U U           ( ) ( ) (( ) ( ))A B B C A B B CU U U l  l       , so 
( ) ( ) (( ) ( )) 1A B B C A B B CU U Ul  l        . Thus we only prove ( ) ( )A C A CU Ul    p
(( ) ( ))A B B CU      . Because ( ) ( ) ( )A B B C A C     b   , therefore ( ) ( )A C A CU Ul    p
(( ) ( ))A B B CU      .
(3) Simillary (2). 
Corollary 2.2 Let , , ( ),A B C F S then
(1) ( ) ( ) ( )A B A BU U Ul b l ,
(2) ( ) ( ) ( )A B B C A CU U Ul b l l l ,
(3) ( ) ( ) ( )A B B C A CU U Ul  l b l , where ( 1) 1x y x y     .
Theorem 2.6 Suppose that R be SPDS, then the set of the randomized truth degrees of formulas in F(S) 
has no isolated point in [0,1]. 
3. Randomized Space on W6
Definition 3.1 Let , ( )A B F S , R be SPDS, defining  
(1) 1( , ) (( ) ( ))A B A B B AK W o  o  is called the first randomized similarity degree, 
(2) 2 ( , ) ( ) ( )A B A B B AK W W o  o  is called the second randomized similarity degree, 
(3) 3 ( , ) ( ( ) ( )) ( ( ) ( ))A B A B B AK W W W W o  o  is called the third randomized similarity degree, 
1 2 3, ,K K K uniformly expressed as K , which called randomized similarity degree. 
If ( , ) 1, 1,2,3i A B iK    then A  and B  is called i –similarity, denote iA B# .
It is clearly, i#  is a equivalence relation, i.e., (1) iA A# (2) if iA B#  then iB A# , (3) if iA B#  and 
iB C#  then iA C# .
Lemma 3. Let , , , [0,1]a b c d  , then ( ) ( ) ( ) ( )a c b d a b c d   d   
Theorem 3.1 Let , , ( )A B C F S ,then
(1) ( , ) ( , ),A B B AK K 
(2) ( , ) ( , ),A B A BK K   
(3) ( , ) ( , ) ( , ) 1.A C A B B CK K Kt  
Proof (1) is clearly established. 
(2) For 1,K
1( , ) (( ) ( )) (( ) ( ))A B A B B A A B B AK W W    o   o    
1(( ) ( )) ( , )B A A B A BW K o  o  .
For 2 ,K
2 ( , ) (( ) ( ))A B A B B AK W    o   o (( ) ( ))A B B AW   
2(( ) ( )) ( , )B A A B A BW K o  o  .
For 3 ,K
3 ( , ) ( ( ) ( )) ( ( ) ( ))A B A B B AK W W W W    o    o  ( ( ) ( )) ( ( ) ( ))B A A BW W W W o  o 3 ( , )A BK .
(3) For 1K , from Theorem 2.4(4), 1 ((( ) ( )) (( ) ( )))A B B A B C C BWt o  o  o  o
(( ) ( )) (( ) ( )) ((( ) ( )) (( ) ( )))A B B A B C C B A B B A B C C BW W W o  o  o  o  o  o  o  o .
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and ((( ) ( )) (( ) ( )))A B B A B C C BW o  o  o  o (( ( )) ( ( )))B A C B A CW        (( AWd  
) ( )) (( ) ( ))C A C A C C AW    o  o , therefore (( ) ( )) (( ) ( ))A B B A B C C BW Wo  o  o  o d
(( ) ( )) 1A C C AW o  o  .
For 2K , from corollary 2.2(3) we can obtain ( ) ( ) ( )A C A B B CW W Wo t o  o  and ( )C AW o t
( ) ( ) ( ) ( )C B B A B A C BW W W Wo  o  o  o  From lemma 3.1, ( ) ( )A C C AW Wo o ( ( )A BWt o 
( )) ( ( ) ( ))B C B A C BW W Wo  o  o ( ( ) ( )) ( ( ) ( ))A B B A B C C BW W W Wt o  o  o  o .
For 3K , from corollary 2.2(2) we obtain ( ) ( ) (( ( ) ( )) ( ( ) ( )))A C A B B CW W W W W Wo t o  o  and 
( ) ( ) (( ( ) ( )) ( ( ) ( )))C A C B B AW W W W W Wo t o  o , similar to 2K , we can prove. 
Theorem 3.2 Let , ( )A B F S , then 
(1) 3 ( , ) 1 ( ) ( ) ,A B A BK W W  
(2) 1 2 3( , ) ( , ) ( , ).A B A B A BK K Kd d
Proof (1) 3 ( , ) (1 ( ) ( )) (1 ( ) ( )) 1 ( ) ( ) .A B A B B A A BK W W W W W W        
(2) Because ( ) ( ) ( )A B B A A Bo  o d o  and ( ) ( ) ( )A B B A B Ao  o d o  , thus 1( , )A BK  
(( ) ( )) ( )A B B A A BW Wo  o d o  and 1( , ) ( )A B B AK Wd o , so 1( , ) ( ) ( )A B A B B AK W Wd o  o  
2 ( , ).A BK
From corollary 2.2(1), we see that ( ) ( ) ( )A B A BW W Wo d o and ( ) ( ) ( )B A B AW W Wo d o , so 
1 3( , ) ( ) ( ) ( ( ) ( )) ( ( ) ( )) ( , )A B A B B A A B B A A BK W W W W W W K o  o d o  o  .
Definition 3.2 Let , ( )A B F S , defining 
( , ) 1 ( , )A B A BU K  ,         (8) 
( , ) 1 ( , ), 1,2,3i iA B A B iU K   ,         (9) 
Theorem 3.3 : ( ) ( ) [0,1]F S F SU u o  is metric on ( )F S .
Proof Let , , ( )A B C F x , from theorem 3.1 we see that ( , ) 1 ( , ) 0A A A AU K   , and ( , )A BU  
1 ( , ) 1 ( , ) ( , )A B B A B AK K U    . ( , ) 1 ( , ) 1 ( ( , ) ( , ) 1) (1 ( , )) 1A C A C A B B C A BU K K K K  d       
( , ) ( , ) ( , ).B C A C C AK U U  .
Definition 3.3 ( ( ), )iF S U  is called randomized space of W6
Theorem 3.3 Let , ( )A B F S , then 
(1) 3 ( , ) ( ) ( )A B A BU W W 
(2) 1 2 3( , ) ( , ) ( , ).A B A B A BU U Ut t
Proof (1), (2), from theorem 3.2, we can prove. 
Theorem 3.4 (1) On ( ( ), ), 1, 2iF S iU  , operations , ,  o are all continuous. 
(2) On 3( ( ), )F S U , operation  is continuous, but , o are not continuous. 
4. Randomized Divergence Degree Of Theory 
In the following, we always definition ^ `( ) : ( ) 1 .T A F S AW    and refines this idea where MP 
means B follows from A and A Bo , HS(hypothetical syllogism) means A Co follows from  
A Bo and B Co
Definition 4.1(Wang and Leung [5]) Suppose that ( )F S*  , , ( )A B F S . A deduction from *  to A 
is sequence 1 2, , nA A A    where nA A  and i n d , iA T * , or there exist ,j k i  such that iA  can 
be obtained from jA  and kA  by using the deduction rules MP or HS. Then A is said to be a quasi-
conclusion of order n of *  and is denoted as 
( )
( )
n
q A* . The set of all quasi-conclusions of order n of 
( )D *   will be denoted as ( )( ) ( )nq Ded * , or simply ( )( )nD * . Let ( )1( ) ( )
n
nD D
f
 *   * , members of ( )D *
are called quasi-conclusions of *  and ( )A D *  will also be expressed by ( )q A* .
Definition 4.2 Let *  be a theory in ( )F S , i.e., ( ).F S*   Define  
^ `( ) sup ( , ) , ( )i idiv A B A B DU*   * ,         (10) 
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( )idiv *  is called the i-th randomized divergence degree of * . *  is said to be fully divergence if 
( ) 1.idiv *  
Theorem 4.1 Let ( )F S( , then 1 2 3( ) ( ) ( ) 1 inf{ ( ) : ( )}div div div A A DU(  (  (    ( .
Proof Suppose B T ,then
1 1( ) sup{ ( , ) : ( ), }div A B A D B TS(   (  sup{1 (( ) ( )) : }A B B A B TU  l  l 
            sup{1 ( ) : , ( )} sup{1 ( ) : ( )}B A B T A D A A DU U  l   (    ( 1 inf{ ( ) : ( )}.A A DU   (
2 2( ) sup{ ( , ) : ( ), }div A B A D B TS(   (  sup{1 ( ) ( ) : }A B B A B TU U  l  l 
sup{1 ( ) : , ( )} sup{1 ( ) : ( )}B A B T A D A A DU U  l   (    ( 1 inf{ ( ) : ( )}.A A DU   (
3 3( ) sup{ ( , ) : ( ), } sup{ ( ) ( ) : } 1 inf{ ( ) : ( )}.div A B A D B T A B B T A A DS U U U(   (        (
5. Conclusion 
In this paper, we introduced the randomized truth degree of formula ,randomized space and 
Randomized divergence degree of theory in W6. And we prepared for the work of approximate reasoning 
in W6.
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